Abstract: Equations of motion for M2-and M5-branes are written down in the E 11 current algebra formulation of M-theory. These branes correspond to currents of the second and the fifth rank antisymmetric tensors in the E 11 representation, whereas the electric and magnetic fields (coupled to M2-and M5-branes) correspond to currents of the third and the sixth rank antisymmetric tensors, respectively. We show that these equations of motion have solutions in terms of the coordinates on M2-and M5-branes. We also discuss the geometric equations, and show that there are static solutions when M2-or M5-brane exists alone and also when M5-brane wraps around M2-brane. This situation is realized because our Einstein-like equation contains an extra term which can be interpreted as gravitational energy contributing to the curvature, thus avoiding the usual intersection rule.
Introduction
M-theory is believed to be a nonperturbative description of superstring theories. Many researchers have been studying this theory to clarify various aspects of superstrings. M-theory is reduced to 11d supergravity in the low energy limit. This supergravity has solutions of black branes, which have electric or magnetic charges as well as energy-momentum in 11d spacetime. In M-theory, these electric and magnetic charges of black branes are thought to be quantized. A brane with a single electric charge is called M2-brane, while a brane with a single magnetic charge is M5-brane. Moreover, these M-branes are dynamical objects in 11d spacetime and are considered to play the central role in M-theory. Up to now, many attempts have been done to describe their behaviors, especially, in terms of field theory defined on the brane worldvolume.
A field theory on a single M2-brane was formulated in 1980's [1, 2] . A theory on multiple M2-branes was firstly proposed as BLG theory, where gauge symmetry is described using Lie 3-algebra [3, 4] . Soon after that, ABJM theory with U (N ) × U (N ) gauge symmetry was proposed to describe a theory on N M2-branes [5] . In particular, the free energy of this ABJM theory can be formulated in terms of matrix model [6, 7] . One of the authors (S.S.) have analyzed BLG theory and ABJM matrix theory, and clarified some dynamical aspects of M2-branes [8, 9, 10, 11, 12] .
Compared with M2-brane, a field theory on M5-brane is difficult to formulate due to the self-duality of the 2-form field on the brane. A theory on a single M5-brane was formulated using a nontrivial auxiliary field [13] , but at this moment we have no consensus about the theory on multiple M5-branes. Some researchers have proposed that it may be described using Lie 3-algebra [14, 15] , an algebra including nonlocal operators [16, 17] or more exotic algebra [18] . On the other hand, some researchers suggested that all information on multiple M5-branes may be contained in a field theory on multiple D4-branes in superstring theory [19, 20] . In spite of many attempts, we have not obtained a satisfactory formulation.
Here we would like to propose a new approach to study M-brane dynamics. Our approach is based on a formulation of M-theory in terms of E 11 algebra proposed by P. West [21] and his collaborators, and the current algebra formulation by one of the authors (H.S.) [22] .
In a series of papers with his coworkers, P. West studied M-theory based on the nonlinear representation of the E 11 Kac-Moody algebra. There are subsequent studies of the issue by other authors [23, 24] . To quantize this theory, one of the authors (H.S.) adopted the current algebra method [25] rather than the usual canonical or the path integral method. The idea is to use the current algebra commutation relations rather than the canonical commutation relations. The energy-momentum tensor can be written in terms of bilinear form of the currents, and the quantum equation of motion can be derived simply from
where J ν can be any currents that appear in E 11 representations and
2)
The currents of the E 11 include elfbein and spin connections that appear in the gravity theory, in addition to the various antisymmetric representations of E 11 algebra. This is made possible by using the graded algebra of E 11 , which means that we use not only the adjoint representation of the E 11 but other representations to define the currents.
We now argue, or, rather, explain our motivation of why we use Kac-Moody algebra and why specifically the E 11 algebra. We then argue why we think it is appropriate to use the current algebra method to quantize the theory.
First of all, it is well known by now that the SU (N ) gauge theory with N → ∞ describes the string. And, if the string includes the closed one, SU (∞) gauge theory has the potential to describe the gravity. This argument can be further justified when we understand the relation between the SU (∞) algebra and the diffeomorphism [26] that plays an important role in the gravity theory. There is no direct proof of the relation between the SU (∞) algebra and the Kac-Moody algebra, but there already exist some works which investigate the relation between the Kac-Moody algebra and the diffeomorphism [27] implying indirectly the relation between SU (∞) and the Kac-Moody algebra. This suggests the possible relation between the SU (∞) algebra and the Kac-Moody algebra. This motives our use of Kac-Moody algebra rather than the SU (∞) algebra in describing the strings and especially the gravity.
The next question is: why specifically E 11 algebra? There is a strong indication that the 10d supergravity theories have E 8 symmetry [28] . Since we are aware that the string theory must include 10d supergravity, our Kac-Moody algebra must include E 8 algebra as its subalgebra. The extended Kac-Moody algebra E 9 will correspond to the inconsistent string theory lacking the Liouville mode. Adding the Liouville mode gives rise to the "very extended" Kac-Moody algebra E 10 , and this will correspond to the consistent string theory. The natural next step is to go to the "over extended" algebra E 11 to describe M-theory and this was extensively investigated by P. West and his collaborators [21] . It is possible that the consistent F-theory may be formulated by using the E 12 Kac-Moody algebra, and it will be one of our future targets. Fig 1. shows the situation described here. The next question is: why current algebra formulation rather than the usual quantum theory formalism with symmetry? To answer this question, we refer to the work done in 1968 by Bardacki, Frishman and Halpern [29] .
First, remember that, to get the string theory from SU (N ), we need
On the other hand, Bardacki, Frishman and Halpern proved that the massive Yang-Mills theory becomes current algebra theory with current-current energy-momentum tensor if we take the limit:
This implies that large N limit of massive SU (N ) gauge theory becomes the current-current theory, if we take
Therefore, the N → ∞ limit of SU (N ) gauge theory is in fact the current-current theory presumably with some kind of Kac-Moody symmetry.
This concludes the explanation of our use of E 11 Kac-Moody current-current theory to describe M-theory.
Next, we describe what kinds of currents we use in the following sections to study M2-and M5-branes. All these currents are in the representation of E 11 algebra. In fact, we use the graded algebra E 11 ⊗ 1 , where 1 is the "vector representation" of E 11 algebra [21] . We can also include a spinor representation of E 11 to make the theory supersymmetric [22] .
(1) We have geometric currents k ab µ (x) and e a µ (x): the former belongs to the adjoint representation of E 11 and the latter to the 1 representation. k ab µ (x) is related to the spin connection ω ab µ (x) by
By convention, we assume k ab µ (x), e a µ (x) and other currents defined below to be antihermitian. Therefore, the spin connection defined above is hermitian, and we also have −ie a µ (x) as the hermitian elfbein.
These two currents k ab µ (x) and e a µ (x) should describe the gravity theory. However, since we get their equations of motion from −i∂ µ J ν = [P µ , J ν ] with J µ = either k ab µ (x) or e a µ (x), there is no guarantee that we get the Einstein equation. In fact, our equation deviates from the Einstein equation in a significant way, as we will see. To make the theory supersymmetric, we introduce the supergravity field ψ µ (x) which plays the role of supercurrent, that is, the space integral of this field is nothing but the supersymmetry operator. This is an example of field-current identity of our theory [22] . The space integral of the elfbein field e a µ (x) is the "energy-momentum" in the tangent space. We will show in the following sections that these equations can be satisfied by certain expressions in terms of the coordinates on M2-or M5-branes.
2. E 11 current algebra
Formulation
Let us first define the vector currents J A µ (x) in our theory as
where G A are generators of the E 11 ⊗ 1 algebra. The index A denotes all the independent elements of the generators. The indices a, b, . . . = 0, . . . , 10 of the generators and currents are totally antisymmetric, as mentioned in Introduction, and they can be raised or lowered by SO(10, 1) Lorentzian metric η ab . The index µ = 0, . . . , 10 denotes all the directions in 11d curved spacetime, which is raised or lowered by the metric g µν (x) = η ab e a µ (x)e b ν (x). The generators of E 11 algebra are often classified by its level: the level of a root of E 11 algebra is defined to be a multiplicity of a component of a specific simple root in its decomposition into simple roots. (See the references [21, 22] for details.) For example, E 11 algebra contains the generatorsK a b , R abc and R abcdef at level 0, 1 and 2, respectively. Similarly, the generators R abc and R abcdef are contained at level −1 and −2. Note that the 1 To be precise, the currents B 
2) so that they are invariant under Cartan involution [21] . The generators P a , Z ab , Z abcde and Z abcdef g,h := abcdef g ijkl Z hijkl are in the 1 representation with the highest weight of E 11 algebra. The commutation relations among the generators are shown in appendix B.
Next, according to the current algebra formulation, we define the commutation relations among the vector currents J A µ as
for M, N = 0. Here J A µ are antihermitian currents, and the structure constant f AB C is that of
The commutation relations for each kind of currents are shown in appendix B.
The energy-momentum tensor is defined as a bilinear form of the currents
where C is a constant with the dimension of length, which can be identified with 11d Planck scale [22] . Here we should be careful about summations of the indices A. In the case of 
where
Note that, as a linear combination of the equations of motion, we always obtain the conservation law of the currents
Equations of motion for currents
Now we can obtain the equations of motion for all the currents. Let us list some of them in this subsection.
First, the equations of motion for the brane currents W ab µ (x) and W abcde µ (x) are
for M2-brane, and
abcdef µ
(2.9) for M5-brane. Next, the equations of motion for the brane charge currents B abc µ (x) and B abcdef µ (x) are
Next, the equation of motion for the elfbein e a µ (x) is
Here we define the covariant derivative
For a general tensor V a µ , the covariant derivative is defined as
where Γ σ µν is the Christoffel symbol and ω µ a b is the spin connection:
This is in fact derived by solving the equation for the elfbein (2.12), neglecting the contributions from W µ or B µ . Therefore, this expression (2.16) must be considered as an approximation. To get this result, we identified:
Finally, the equation of motion for the connection field k ab µ (x) is
Using eq.(2.17), this equation can be rewritten as
Note that here this equation is different from Einstein equation, the left-hand side of which is
In addition, using the definition of Riemann tensor 20) eq. (2.19) leads to
where R µν is Ricci tensor. The second term in the left-hand side shows this equation describes spacetime with negative cosmological constant. This seems natural since the near horizon geometry of M-branes is anti-de Sitter spacetime, as is well known.
Let us here note the difference from Einstein gravity. We first point out that the connection k ab µ in our formulation is SO(1, 10) covariant, but in Einstein gravity it is not. This changes the relation of k ab µ and elfbain e a µ : in Einstein gravity it is given as eq. (2.16), while in our formulation it becomes eq. (2.12) including the currents W µ and B µ . Then we may say that if any effects from branes are negligible, our formulation is coincident with Einstein gravity.
As a result, we obtain the geometric equation (2. Let us now solve the equations of motion listed in § 2.2. However, since they are slightly complicated, we first discuss simple cases with the connection field k ab µ = 0. This means that in this section we consider only the flat spacetime.
M2-brane
First we discuss a system of only M2-brane, which means
Moreover, let us here focus on the currents in the worldvolume of this M2-brane, so the metric should be flat:
Note that µ runs only 0, 1, 2 in this subsection. This means the scale of k ab µ is much smaller than that of C, i.e., 11d Planck scale. In this setting, we find that the equations of motion (2.8), (2.10) and (2.12) become
and the conservation equations become
Then all these equations are satisfied when
Here X a can be regarded as a position of the M2-brane in 11d spacetime. These degrees of freedom should correspond to the gauge and scalar fields in the field theory on M2-brane worldvolume: the gauge field describes the longitudinal directions a = 0, 1, 2 for the brane, while the scalar fields correspond to the transverse directions a = 3, . . . , 10.
M5-brane
Next we discuss a system of only M5-brane, which means
Similarly, we focus on the currents in the worldvolume of the M5-brane, and we consider only the cases where this M5-brane doesn't intersect with any other branes. In this setting, the metric should be flat:
In this subsection, µ runs only 0, . . . , 5. Then we find that the equations of motion (2.9), (2.11) and (2.12) become 8) and the conservation equations become
All these equations are satisfied when e a µ = i∂ µ X a and
Again, the degrees of freedom X a should show a position of the M5-brane in 11d spacetime, and correspond to the gauge and scalar fields on the M5-brane worldvolume.
M-brane solutions in curved spacetime
In spite of plausible results for the special cases in Sec. 3, it is at least physically not consistent to write the brane equations as if the spacetime is flat, since the branes themselves constitute the sources of gravity equations (i.e., equations for k ab µ (x)). In fact, it is not difficult to write the equations and the solutions when k ab µ (x) is non-vanishing: All we need to do is to replace the derivative ∂ µ by the covariant derivative D µ .
Equations for currents
First, the equations for M2-brane (2.8) and (2.10) become
and
We also have the conservation equations
Here the caution must be taken when we define the covariant derivative. In fact the covariant derivative in the conservation equation is 
One sees that B abc µ (x) plays the role of source term in the equation for W ab µ (x), and inversely W ab µ (x) plays the role of source term in the equation for B abc µ (x). This indicates an aspect of the field-current identity.
Next, in a similar way, we have the equations for M5-brane (2.9) and (2.11):
We also have the conservation equations just as in the case of M2-brane,
Similar caution must be taken when we define the covariant derivative in the conservation equations, as in the case of M2-brane. The definition of the covariant derivatives for antisymmetric currents W abcde µ (x) and B abcdef µ (x) are the same as in the case of M2-brane, so we don't write it down explicitly here.
If we consider the situations where M2-or M5-brane exists alone, similarly to Sec. 3, all the above equations are satisfied by the following ansatz:
together with
Here the anti-hermitian nature of these currents are taken into account by assignment of an appropriate factors. We can easily find this ansatz is reduced to eqs. (3.5) and (3.10) in the limit of the flat spacetime (D µ → ∂ µ ).
Solutions of M-branes
Now we solve the equations for the currents in more general situations. The ansatz (4.11) for e a µ (x) must be justified by satisfying the geometric equations (i.e., equations for k ab µ (x) and e a µ (x)), but we will discuss it in the next section. Here we simply check one of the geometric equations:
. We note that the k ab µ contribution to the covariant term does not appear because of the antisymmetric nature of k µ a b e b ν , which is imposed as the supplementary condition as discussed before. Then we get
By putting g νλ ∂ ν D λ X a =: Y a , this equation becomes
Since we have eq. (4.11), or equivalently
in this approximation, we find that eq. (4.13) is trivially satisfied.
We now return to the main theme of this subsection: the M2-and M5-brane solutions. The ansatz (4.10) for the brane currents and the brane charge currents should be generalized by adding terms corresponding to the non-linear realization. Especially, the M5-brane solution should be characterized by
where e µc (x) is given by D µ X c . Here we add extra terms with constant parameters α and β µ , so that we can satisfy the equations for these variables in more general cases. The constant vector β µ should be closely related to the auxiliary field on M5-branes in the famous PST formulation [13] , and we will clarify this point in a future work.
If we can ignore such non-linear realization terms, using the ansatz (4.10), the equation for M2-brane current (4.1) becomes
The first term in the intermediate step of eq. (4.17) vanishes, because one of the geometric equations for e µc (x) which we will discuss in the next section is
Therefore, the equation for W ab µ (x) is satisfied. Compared with the previous section, the inclusion of k ab µ terms can be done only by replacing all the derivatives ∂ µ by D µ in above equations. No other change is needed.
Next, we discuss the equations for M2-brane charge current (4.2):
where the covariant deriative D µ B abc ν (x) has been defined in eq. (4.6). We define here
then we obtain
Using these expressions, eq. (4.19) can be written as This should be compared with one of the geometric equations, namely, the equation for k µ a b , which we will discuss in the next section,
where we define
This equation (4.25) shows that the equation for M2-brane charge current B abc ν (x) can be satisfied if the equation for k ab µ (x) is satisfied, when the contribution of the branes to the latter equation can be ignored.
The next task is to prove the M5-brane equations are satisfied by our ansatz. The equation for M5-brane current (4.7) is
Inserting our ansatz (4.10), we get
where the use is made of eq. (4.18) and the expression
as in the case of M2-brane. Then eq. (4.28) can be rewritten as
Note that we defined
and so this is a hermitian operator.
Let us now comment on the non-linear realization terms: Our ansatz (4.10) can be generalized by adding suitable terms. The above equation (4.30) suggests that we may have to add an extra term as follows:
where α and γ are constants. The second term on the right-hand side shows the existence of M2-branes completely wrapped by the M5-brane. The first term gives contributions to eq. (4.30)
and the second term gives
Therefore, putting all the expressions together, we have the equations This term should be interpreted as contributions from the intersecting M5-branes sharing one spatial direction (denoted as the "e" direction). Such a brane configuration is not allowed by the intersection rule [30] : intersecting M5-branes share three spatial directions. However, as we saw in Sec. 2, our formulation derives Einstein-like equation with some deviation, which makes us possible to obtain such an exotic configuration. We will revisit this point in the next section.
Geometric equations and discussion of solutions
We expect that the spacetime will not be flat when we have M2-and/or M5-branes except for very special cases. Therefore, it is very important to discuss the geometric equations when the branes exist. In our scheme, the geometric equations or the gravity equations are descried by two currents: elfbein current e ab µ (x) and spin connection current ω ab µ (x). The latter is related to the generator of E 11 algebra by
In fact, k ab µ (x) corresponds to the SO(10, 1) subgroup of E 11 . Using the generic equation of motion −i∂ µ J ν = [P µ , J ν ], the E 11 ⊗ 1 commutation relations and our ansatz (4.10), we can easily write down the geometric equations as follows:
Here we are using anti-hermitian e a µ (x), k ab µ (x), W ab µ (x) and W abcde µ (x) in this equation. The signs on the left-hand side of this equation will be changed when we use the hermitian variables by dividing each variable by i. We can prove that the contribution of the brane charge currents B abc µ (x) and B abcdef µ (x) to eq. (5.3) vanishes, if we use our ansatz (4.10), since these currents are of the form of total derivative D µ (· · · ). In addition, we also have the conservation equations:
From now on, we use the hermitian variables for e a µ (x), ω ab µ (x), W ab µ (x) and W abcde µ (
to discuss the gravity theory. Then, as in usual gravity theory, eq. (5.2) can be solved easily to provide the spin connection in terms of the elfbein:
This equation gives
We next discuss eq. (5.3) with our ansatz (4.10):
=: e µf (x) abcdef H . for the M2-brane case, and
for the M5-brane case.
We can consider the case where we have both M2-and M5-branes with the M2-brane completely wrapped inside the M5-brane in the following way. Suppose that M5-brane is expanded along the 1, 2, 3, 4, 5 directions and the M2-brane is along the 4, 5 directions completely wrapped inside the M5-brane. Then the equation for the 0, 4, 5 directions reads 11) while the equation for the 1, 2, 3 directions becomes
It is easy to check that eqs. (5.9) and (5.10) have static solutions, indicating that we can have a flat spacetime when M2-or M5-brane exists alone. We can also check that, when both M2-and M5-branes exist in the configuration mentioned above, namely, in the configuration where M2-brane is wrapped by M5-brane, there is also a static solution.
One may wonder if it is consistent with the intersection rule where it is proven that there is a gravity solution only when M2-and M5-branes share one direction [30] . In fact, the reason we have the solution in the configuration of M5-brane completely wrapping M2-brane is because we are not solving the usual Einstein equation but its modified version.
Let us explain this point a little more in detail. Our gravity equation, for example, eq. 
We note that spin connection cannot be totally absorbed into the curvature tensor R µν due to the fact that spin connection in our case corresponds to the SO(10, 1) generators. It gives this extra contribution -we may say the contribution of graviton itself -to the spacetime curvature. The static and also the non-static solutions of eq. (5.12) will be discussed in our subsequent papers.
Concluding remarks
In this paper, we described how M2-and M5-branes can be incorporated into the E 11 current algebra formulation of M-theory. The role of E 11 algebra in M-theory was first pointed out by P. West and his collaborators [21] , and what we are doing in this paper is to quantize their theory using the current algebra technique [25] rather than the ordinary canonical or path integral formulation. The M2-and M5-branes are connected to the fact that we have the second and fifth rank antisymmetric tensors in the E 11 representation.
Of course, any representation of E 11 Kac-Moody algebra is infinite dimensional, and here we are picking up a few of the simplest components of a representation. Therefore, if we maintain our theory to be covariant under E 11 algebra with infinite dimensional representations, our M2-or M5-branes should correspond to infinite multiple branes. If there is a subgroup of E 11 algebra (which we call X(N ) here) that gives finite degrees of freedom N 3 2 to the M2-branes and N 3 to the M5-branes, we can restrict our theory to describe a finite number of branes by making our theory X(N ) covariant. However, at this time we don't know whether there is such a subgroup. For the same reason, the spacetime must be also infinite dimensional in E 11 covariant theory, just as supersymmetric theory has the superspace coordinates in addition to the regular bosonic spacetime coordinates. In this paper, we simply picked up only the (10 + 1)-dimensional part.
Thus we study only a simple part of the E 11 current algebra formulation in this paper, but we can successfully show that the equations of motion for these variables seem to be satisfied by certain expressions written in terms of the brane coordinates. Moreover, the geometry or the gravity can be correctly described by the two currents: elfbein and spin connection, at least at the level of our application. The full E 11 covariant theory must include all the components of the infinite dimensional representation.
There are several directions along which our future work must be done:
(1) Clarify the relation between the Kac-Moody algebra and the diffeomorphism for which there has been already some works done [27] .
(2) Work on F-theory as the E 12 current algebra theory. We are not aware of any work toward this direction.
(3) Solve eqs. (5.9) and (5.10) to find a configuration which can describe our real 4d spacetime (in particular, exponentially expanding universe). Our static solution in Sec. 5 shows that we may need some extra currents in addition to the brane currents W µ and the brane charge currents B µ to make our (3 + 1)-dimensional spacetime (i.e., M5-brane wrapping M2-brane) time-dependent. These approaches are now under investigation, and we hope that we can report on them soon.
A. Notations
We consider the generators G A of the algebra E 11 ⊗ 1 . The current is defined as
and the energy-momentum tensor is defined as
Here the generators are normalized so that tr[G A G B ] = δ AB is satisfied.
In the nonlinear realization, we define the field g(x) as
and the current Ω µ can be written as
For example, the brane charge currents B abc µ (x) and B abcdef µ (x) should be related to the 3-form field C µνρ (x) and its dual 6-form field C µνρσλτ (x) in 11d supergravity:
where C abc (x) = e a µ e b ν e c ρ C µνρ (x) and C abcdef (x) = e a µ e b ν e c ρ e d σ e e λ e f τ C µνρσλτ (x).
B. Commutation relations

B.1 Commutation relations among generators
We list the commutation relations among all the generators in eq. (2.1) below: where R abcdef gh,i and R abcdef gh,i are the generators of the E 11 algebra at level 3 and −3, respectively.
B.2 Commutation relations among currents
We list some of the commutation relations among the currents (2.3) below: 
